
Maximum likelihood
estimation for logistic

regression
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Recap: Newton's method
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Wantto find pst U(B*) =0
=Messian:GBC

1) Initial gress pla
m - 1

27 update:B(0 =B0) - (H(B") U(B())
3) step when plain plot



Example

Suppose that , and we have

Use Newton's method to calculate  (you may use R or a
calculator, you do not need to do the matrix arithmetic by
hand).
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90*70

Solve(...)



10=[
-

3.]+ 7.83y 53.28]
-

a
=[-3]

Actual MLE: [.3i36] some gatclosethe



Newton's method for logistic regression

4 / 9

p(r
+1)

=p() - (H(B")
-

u(B")

u(p) =x
+

(1 - p) x =(*...]
=>u(p() =xT(y - p")) x =[i] p[i]B(07TXi
pi( =

#(( +Xi Di =pix,
H(3) =uCB = 2xT(Y - p)

2B

=cc37 =
- E X

+

p



-Xp
=
-

z X v
=[-]

·ifstarmatrixderivativeones,
zP =[2e...Fe

and Aisa metrixwhich doesnt

pi

=pixen g(f(p),=

g(u)=zen↓=> 2pizepTeXi 1f(B) =BTXi
and glf(x) GlR, then

27=xi og(f(x) =g(f(x)
=Pi(l-pi) Xi

gl(u) = -2
HCB) = - [PCH-p) X, paCl-pe)Xu .... PuCHPa3Xc] X

=1wX
=

- [X,...Xn]
PCHPR

DeCHP2)[ .... pull -Bu)]X W= 0iag (Pi(l-pi)]



Linear regression: H(B) = - 1XTX
02

1
Var(E)

Poisson:M(B) = - xTwX

W=oig(1.)
-

iforlogistic regresinone
- xTwX

is initial guess B1d

2) ((
+1)

=

B
(r)

7 (XTwax)
+

xT(y - p()

3) Stop when Birth apl



Checking the solution is a unique maximum

Newton's method �nds  such that . How do we
know that  maximizes the likelihood?

5 / 9

Importantproperty: Iff:(R"- 1R is crexand differentiable,
-

then **is a global minimizer off ifandally
if

2f(y =xx
=0

7 if-l(B1XM) is a convex function (so l(BIXT)

is concave), then pmaximizes ((BIX,)

ifand only if u(*) =0

Newtai's method gives us the MLE if
=7

- l(B(XMY) is convex!



convex functions
-

Def: f:R"TRis convex ifUX, yERM and 0141)
~

f(xx +(1-(y) =xf(x) +(19) f(y)
m

conveycombination

e.g. all pointson theline

segmentlie aboveE: -

the graph off

x
y

theorem :A twice-differentiable function f:R"-1Ris convex

->

ifand only if theMessian H(x) is positive -semidefinite

VX G1Rn

i.e. yThy 10 XytR"



Laim:for logistic regression, - HCB) is positive

semi-definite (S0-l(B1X,4) is convex)

If: H(B) = - xTwX
(h +1)X(h+1)

W=

[
Pi(l-p,)

P2(1-P2) 1=> - H(B) = XTw X G1R
...

PuCI
Letv E(R4

+1

- UTHCBN =vixiwXe =(xv)Tw(xu)

LetS
:XN GR [5, 5,....(n)

44(1 -13
.

.

.

.

px.
] 1]

=>
-
vTH(B7V =

sTWs
< [

= "[Pi(tpi) s 20
1/

i =1

=>
- lCB1X,Y) is convex, so solving UCB =0 gives

us MLEof



1miave maximum

·

NWUnique maximizer
B

xp(X,-)
8
- unique

minimum

concave function
convex function

- lCB(X,4)



Some intuition about Hessians
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Fisher information
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Properties
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Example
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