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Exponential families and completeness
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Exponential family:
f(x) =nix) co) exp,wicotilal

Suppose X... An ind from an exponential family

sufficiency:T(X., ..., X2)
=(t,(X,), . .

.

, tr(Xil-

is sufficient fort

completeness :if, in addition, (wild), -..., wulO)L3
-

contain an open set in 14, then

T(x,..., Xu) =(,t(Xj), . .
. ,tw(xi))
=I
!

is complete.



Example

Suppose that .

Show the the Bernoulli is an exponential family distribution

Find a complete, suf�cient statistic

Use the complete, suf�cient statistic to �nd a best unbiased
estimator of 
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For Bemalli:wi(p =log(ip)
Poisson :w,(p) =log(p)

f(x)p) =pX(1 - p))
-x

- cral(p)*
= (1) expxlog(fp)3
e

in h(x) =1

((p) t,(x) wi(p)

T(xy ...,Xn) = t,2X:) =Sixiis sufficient

and Elog(,Ep).PEC0,173 contains angenset in i

So dixi is also complete =>
=IEixi instedt



Example

Suppose that .

Show the the normal is an exponential family distribution

Find a complete, suf�cient statistic

Use the complete, suf�cient statistic to �nd a best unbiased
estimator of 
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f(x(u,0) I an experie
=-
e exe-3ex-+zan

h(x) = I crat:arex-s
wi(,0) = -

1 t.(x) =x2
Zah

wz(,0) = X te(x) =x
al

complete, sufficientstatistic: LEix, Eix

32 = ni E:(Xi-x) =(Eix? - n[[iXilY
Sh is a function ofcomplete, sufficient statistic -

E[s] =o2 Imbiased fora4 w

=>ifu is unknown, his the bestunbiased estimatorof a
"


