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~

- Let T be complete, and suppose TCTL and TLTL are
Recall

tworbiased estimators of 0. Then

Eo[ 2LT] =Ee[YCT] =0 FO, so

EeLYLT -YCT]
=0 FO. ButT

is complete, so

ec) =4CT), and so eci) is me (thesisanly are

rubiases estimate of0which is
a function of T.

Thn:(Lehmann-Scheffel Spoose T =TLX...,X) is a

complete, sufficientstatistic,and ICT is anubiased estimator

of 8. Then ECTL is a best unbiased estimator of0.

If Letw
be some other unbiased estimator of 0

wiS varLeCT)) =Var(W)

Let4 (T)
=

ECW1T]

T is sufficient, so by Rao-Blackwell
var(4(T)) ? Var(w)

And ICT) is also an unbiased estimator.

But i is complete, 4CT)=ecil

=VareCi)) =VarCw). So YC is the bestenbiased
estimator. L



Example

Suppose .
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Recall ' X(r) is abused estimator of0(E2Xn] =E)~

(*) Xcus is an unbiased estimator

is (E)Xi the bestunbiased estimator of 8?

· Cait use CRNB Cregularityconditions don'thold

· Lehmann-Schaffe: (I) X is the best unbiased

estimator if Xcm is sufficient a complete

Factorization -> Xaus is sufficient

complete: WTS if E0[y(X)] =0 XE, then
-

Pe(g2x)
=0 =1 XO



Suppose E2y(x,n)] =0 fxxCt0) =

tee(o,d
Fog(X)] =I g(t)ot =

-g(t)ntdt
If E-2g(X)] =

0 men ofFog(Xal] =0

⑧Er[g(X,)] = ~(*-ggttt I
=(gintt] +[-] gitnE

-Erg(X)]=0
=o-"(? stntt]

weassumed that

="[ng(0)=r] (FTC) ~ E-g(Xn)]
=

0 FO

=>g(0)
=0 =f

=nglt) =0 only wherg(E)
=0

=>g(X) =0
=>Xan) is complete!



Exponential families
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Examples:normal, gamma, beta,

binamial, Poisson, negativebinaria

Adistribution withprobability function f(xIE) is
an

erialfamily distribution ifwe can write

f(x10) =h(x)c(d) exp3, wild til
where h(x) =0, 2(8) I0, and will), ti(x) EIR

h(x), ti(x) only depend an in (no0)

CCA), will only depend an 0(no x)

-xx

Ex: Poisson(X) f(x)x) =
-

↓e
-*exoxlog(x)

=x!

=h(x)((x) exp[wi(x)t,(X)3
n(x) =yi)(x) =e

-

4,wi(x) =(ag(1), t(x)
=x



Exponential families and completeness
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Suppose X....,n are ind from an exponential family
↳

with
f(x)0) =h(x) c(t) expE,wilOtilx
e

q(x)0)

Efficiency:By factorization theorem, TIX..,X)
=(3,4(i), ...., Etw(x)

is sufficient for 0

-

eteness:If, in addition, E(w, (0), ..., ww(O))] contains
↳

an open setin it, then

T(x
..,
x) =(,t,(x,), . .

.

., Etw(x)
is complete



Ex:X...., Xu
En Poisson (1) ot], I to

(0,)
↑exparential family withwi()=lag(x)

t,(x) =x

T(x, ..,x) =2,4,(Xi) =Ex:
i=1

① T:Eixiis sufficient ~

8 [log(x):1703 contains an open setin R

So T:Eixiis complete

By Lehmann-Schefte,
T:Eixi is complete sufficient,

and I =iEixi is unbiased for 1.

Thus Iis the bestunbiased estimator of 1



Example

Suppose that .

Show the the Bernoulli is an exponential family distribution

Find a complete, suf�cient statistic

Use the complete, suf�cient statistic to �nd a best unbiased
estimator of 
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