
Maximum likelihood
estimation
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Recap: maximum likelihood estimation

De�nition: Let  be a sample of  observations,
and let  denote the joint pdf or pmf of , with parameter(s)

. The likelihood function is

De�nition: Let  be a sample of  observations.
The maximum likelihood estimator (MLE) is
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To maximize LCGM), we often was with

log livelihood

r(01Y) =log((8(Y))



Continuing  example
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Note: the same argument
-

shaws that for
any ,

Y,..., Tn ieNCE,eea.."L(8/) =
distribution ofY)

of l(0)) = -G(i- F)
stto

=> 0 =1 9Ti =
i =1

second derivative test: f eCEN) =ELFis
= -
n<0/

Bandaries: ChechE
=Id

2(10)) =(2π) exp5 - 03
=0 v

=>
=I



Example: 

Let , where . We want the
maximum likelihood estimator of .

Discuss with your neighbors what the MLE of  might be. Hint:
focus on �nding and sketching the likelihood function 
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urm(0,0): Suppose t,...,Yo

4,...,in in Uniform (0,0) Ein=0.8⑦cannotbe 0.5

(8) = E13824i203 o ⑦

=
1
F1S824:203 f(y(f) = 3 · 0ky=0

·"i=1 o else

m

= 1if 8STi 18
= 158=y=03

for all thi..;yn
↑indicator function

=1 if0LyLE
=0 otherwise 0 otherwise

-6n13T128, 4218, 4318, . . . . , Tn283
=En12T() =83 L(O(Y)

1·
L(81) =0 iff < Yc)

=> tcs LLOND decreases in E for
·

⑦ 1Y(n) f()



Example: 

5 / 7

o =(n,03)

-...., tn i N(M,04
uz(-p,a)

02> 0

-(til8) =tr 2xp3 -

z2 (Yi -1)3

=> LCOH =(2002)= exp3-zte Ctizesa
=>e(OH) =-log (2007) - -*GCfie

option1:solve the systemof =on)ofred
oia2:Maximizewith, myreally webresfeel



optian2:
->

1) Start un=

(ti-i "[(yip)2 far
cy u

i =1 (see NCE, 1 example)

=>For any
02

LCOM =Gial)
E expSy -2 Ectizal"3 isupremom" mat

obasically
/
N

I (inaz)E axp5-n f(Ti-7)3 =Sup LCAN

n

ma=>F, regardless ofon .limelined
2) Na 0": we want to maximize

for 02

L* (0-1) =(20a2) exp3 -zez Li -73
which is a univariatefunction of 02



e*(ar1 =

-Elog (2r04-t .Cie
(l* =

-12
set
g

602

- zou ..
z

=
compare to

-9(yi -2)1 why n-1

Iinstead of h?

well see later....

E =(i,52) =(7, I (Xi-1(2)



Invariance of the MLE
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Maximum likelihood estimation for logistic
regression

Suppose we observe independent samples
. Write down the likelihood function

for the logistic regression problem.
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