
Minimal suf�ciency and
completeness
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Recap: minimal suf�cient statistics

De�nition: A statistic  is a minimal suf�cient
statistic if for any other suf�cient statistic ,

 is a function of .
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Theorem: Let X., Xu be a sample withprobability
-

function f(x., ..,Xn 18), and let T(xx -

.;Xn) be

a statistic Such that

f(x, ..,xn)0)

#,yr(t)
is constantas a function of 0 if and only
ifT(x ..,x)

=Tys ..., yn). Then T is a

minimal sufficientstatistic tor 8



Example

Suppose .
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f(x....,x(0) =F1[XiE(0,0+153
i =1

=1201 Xi = 0+1 Xi3
=150 Xa) and Xin+ 1

=12 X - 11 02Xx3

farelO) is constant 2=7

f(yx, ...,yn)f)

1[x() - 1 =0 1 xx
=1[ym - 1201y(x3

for allt

<=7 Xx =yc.)
and x(x)

=

Y (u)

=>(XIn, Xcni) is a minimal sufficient statistic.



Example

Suppose .

Find a minimal suf�cient statistic for .
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exte f(x,...,x(x) =2
ixiC

Hixi!

= :/ixi?En Sisi/Hiyi!

=(* sixi-Sigi) Hiyi!
Tixi!

constantas a function> Sixi=Eiyi => T
=EiXi ismsS



Recap: Rao-Blackwell

Rao-Blackwell theorem: Let  be a parameter of interest, and  an
unbiased estimator of . If  is a suf�cient statistic for , then

 is an unbiased estimator of , and
.

If we condition on the "right" suf�cient statistic, does this
process �nd the best unbiased estimator?
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Completeness
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Defi LetX., Xu be a sample and TETLX, ...,X) be

a statistic. LetfyLt(A) denotethe oufarprnt of T,
and suppose Thas the propertythat

ifthere exists
a

function o
far which Eq[gCT)] =

0 for all O, then

Po(g(T =0) =1 for all 8. Then T is
a

completestatistic

Emme:X., Xu Passan(X)
·
I =EiXi

-- Poisson(ux) => Ex[g(T)] =gLt **
Suppose Ex[g(T)] =0 xx

t=0

=> I g(t) =0 x

t
=

0

=> t =0 xx,Xt

=>g(T
=0 x x(g)

Then



x-Uniform [8, 0+1]

xis minimal sufficientfor O

Now letg(x)= sin(2wX)

FO, E02g(X] =
O
I sincerx0x =0

⑦

ButgEO so P(g(X =0L = 1

So X is not a complete statistic



Lehmann-Scheffe theorem
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~

Applying completeness to unbiased estimators:

Let i be complete, and suppose PCT and MCT)
are two unbiased estimators of 8. Then

Eo[YCT] = Eo[4CT)] =0F0, so

ECTLT) -YCT] =

0 V8. But T is complete,

so CT) - 4CT) =0 F0 => fCT) =4ci)

And so TCT) is unique (there is only are unbiased
-

estimator of 0which is a function only of TL.

theorem: Suppose T
=Tx--sXmb is a complete,

-

sufficient statistic, and TCT) is anmbiased estimator
of0. Then ECT is the best mbiased estimator

of0.


