
Suf�ciency and minimal
suf�ciency
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Where we are and where we're going
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So far:
-

we know how to calculate MLES

-we know thatin terms ofMSE, MLES are asymptotically
the"best"we can do Lunder regularityconditions)

-

asymptotically unbiased

- asymptotic variance is CRLB

- we also know how to Rao-Blackwellize anubiased estimator
to improve MSE

~condition an sufficient statistics
- sufficient statistics contain all the info we need to calculate

currently: MLES

- now done find sufficient statistics?

up next:
- Are there more "compact"sufficient statistics?
- When so sufficient statistics give me a bestunbiased

estimator?



Recap: factorization theorem
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LetXi..., Xn be a sample with jointprobabilityfunction

fle, ..., xn (8). Astatistic T =T(x,
...,
fa) is sufficientfor O

if and only ifthese exist function gLtIG) and n(x, ...,x)

such that, for all possible x....,we and all possible O,

f(x, -,xn(0) =g(Tx, ---,x)(0) h(x, -..,xn)
e
joint distribution only depends on t through the sufficient

Statistic

PI:(we will prove for discrete distributions)

&Suppose trefuctias g 34
exist. WiS T is sufficient.

f(xy - .,x)T,0) = f(xierr,a, Thx ...,
) I8)

#.. . .,xz)(0)

= g(T), ..,x)(8) h(x, -..,x)
#

(8)E
y., ...,y

i(yx--.,yn) =T(xx ---,x)



xx) =onx.t
E [ g(Ty, -.,y)10) hy, ...,yn)

y., ...,y

i(yx--.,yn) =T(xx ---,x) 31.,yn

Thy, ...,yz)=T(X,,...,xa)

-x)(f)mx., ...,xt - (oces
rateden

-)

3--.,x))16)[ nhy, ...,yn)
31.,yn yes ..., yu V
Thy, ...,yz)=T(X,,...,xa) TLy,...,yz)

=Thx--,x

②Suppose
↑

is a sufficient statistic.

Let gLt0) =PoCTLX...,x) =t [

alx...,x) =P(Xi ., Xn
=

x...,xe
ITXn...,Xa) =Txn-,xa) cgedetad

f(x,...,0) =PoLX..., Xe=err,ah

=PelXn-, Xe = de ..,
and TLX,Xe) =The...,x)

=PoLTLX, .., Xe)
=Tx ...,

x) PLXi, Xn =x..,x ITX,Xel=Tx,,,x))

=gLTX...,x) (E) h(X., ...,fal K



Example

Suppose  with  and  unknown. Let
.

Use the factorization theorem to �nd a suf�cient statistic for .
(The dimension of the statistic will be greater than 1).
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T =(*,s)
T =(X,SY

T
=2dixi, Eixil



X
..., Xu

Mr Ne,0) Ei(Xi -2axi +u2)
-Eix?-Zusixi+Ein
e

fran ...- (,0r=Lior)" ex-con [i(xi-
-(or)"exit (Eixi - zedixi +t
=g([ixi, Eix?(n,o
=g(Eixi,Eix?(ax

=I

Sufficient statistic:(Eixi, EixiY
SiLXi-X =Eix -n(x)"

-Sixi, tesixi-ficientstatistsalways - dimension ofaIS

NO: (c) 2xx2,X5, ...,Xm) is sufficient

(b) EX:Xn..., Xm
N Uniform [8, 0+1]

minimal sufficientstatistic:(X., Ximb



Suf�cient statistics as partitions
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Suppose XX2, X3 ir Bernoullicp). We knew I
=XitX2tXs is

Sufficient
(x,xz,xz) TLX,X2,x3)

,
PlannixelIh

⑧ I F

(1,0,0) 13
equivalence

10,1,2) I Y3 - classes
43
In

12
(1,1,2) 2

43 ↳

(1,0,17 2

10,1,17
2 73

-I
(1,1,1) 3

Tx,, x2, x3) partitions space (Xx2,Xe) into sets is Beis, Bu
B, =E(Xxx2,3): T =02, B2 =E(xxxxxx3): T =13, etc.
T is sufficient > f((x x,ys) ((X, xxstBi) denn p



Another partition XXziy BernalliC) T =(X, X2,X3)

(x.,x2,43) T(x 1,X2,x3) P(x,,X2,x3(T)

10,0,0)"I
had i(1,0,c

ColdI

etc.
sample space into 8 graps lane per

(x,y,x3)]

estion:which statistic more efficiently summarizes the data?
(i.e., results in fewer partitions?)



Minimal suf�cient statistics
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Ret: Astatistic TLXK ...,X) is a rimal sufient
statistic iffor

any other sufficient
-

Statistic T*2X,
..., Xul, Thx ...(X) is a

function of T* (Xx ...,X-)

Ex : XX2, Xy
Fr Bernaullica)

-

T =Eixi +* =(XxXz,X3)
T is a function of it, butitis not
a function of I


