
Rao-Blackwell and suf�ciency
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Recap: Rao-Blackwell
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Let Obe a parameter of interest, and [(8) some

faction of8. Let I be some biased estimater ofHA,
and I a sufficientstatistic for 0.

Let2* =

ECE IT]. Then:

① E[E*] =I Imbiased

② Var(2*) =VarLE)

Reminder '
If the conditional distribution of Xy..., Xu 15
-

does notdepend an E, then Tis affient
Statistic for e



poof:O E[**T=ECECEIT]] =

E25] =40) -
Literated expectation)

② Var(**)
=var (E[* 1T]) ↳O

<Var(ELIT]) + ECEIT)]
=var() Claw of total variance) w

why done need sufficiency. If itis a function of 8, we can't

actually calculate 4. Butif T is a sufficient statistic for,
then (X-;XaL ITdes not depend an o

-> It does not depend an

=>ECEIT] cannot involve

- 17

#



Example: Rao-Blackwell

Let .
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a sufficientstatistic:T
=Eixi

Consider x =x, E25] =x var(5) =1

T:Eixi **=E[51T]

Now, E[[,X: IT= t]
=ECTIT=t] =t

en

=>E: E2XilT= t]
= t

-E2X, 1T
=t] =t
T

=>1* =I
- IE, Xi



conditioning an an insufficient statistic:

Xi ---, Xu
Er Passan(X)

* =Xi

x* =E2X, 1Y*
is*
sufficienttax

=E[X3 =x

notavalid estimator ofI



Example: suf�ciency

Let .

Find a suf�cient statistic for .
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x,x2 P(X, =1, X2 =3,x1 +Xz =4)

=P(X=1,xz
=3)

T
=

=Eixi or T=EixiBinamial(n,p)

e.g.
T:EiXiwTS: f(X, ..., Xn1Eixi,pD

dasnatdepend
on p

f(x, ...,XelEiXi,p) =NMEixild

=EY:p* 1-Xi

- n-Exi

f([,xi(p) [ixe pixici-ph
-an-dixix lines notopenit



Factorization theorem
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Let X., Xu be a sample withjointprobabilityfunction

f(x,...,xn(0). A statistic T =TLX..., Xn) is sufficient

for 0ifand only if thereexistfunctions g(t10) and

h(xx - - - ,xn) suchthat, for all possible x...;Xn
and all possible O,

f(x.,x(0) =g(T(x, ...,xn)(0) h(x - - - ,xn)
e
jointdistribution only depends an o

through the sufficientstatistic



Example
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Suppose X --,X" Bernalli

f(x, ...,x(p) =P
Eixi (l-p)"-Eixi

=g(dixi (p) h(x ---,x)
nee

n-EiXi =1
Six:(1-P)
P


