
Unbiased estimators
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Recap: Cramer-Rao lower bound

Let  be a sample from a distribution with probability

function , and let  be an unbiased estimator of .
Then, under regularity conditions,
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Cramer-Rao lower3 band (CRLB)



Example

Suppose that .

Calculate the Cramer-Rao lower bound for the variance of an
unbiased estimator of . Does the sample variance

 attain the Cramer-Rao lower bound?
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Attaining the CRLB

4 / 7

LetX., Xe be aid with probabilityfunction f(xI8), and
suppose the regularityconditions forthe CRLB hold. Let8 be

an unbiased estimator of0.then 8 attains theCRLB if
and only if

u(0) =a(E) [8-8]
(forsome function alf).

DI: Proof of theCRLLB uses the factthat

[CarCE, UCal]" varLE) var(u(El
The CRLB is attained when this inequalityis a reality, i.e.
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Example; X...., Xn
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=> IE,Xi-m attains theCRLB If M is known

If u is unknown, then CRLB cannotbe attained
-



Suf�cient statistics

Given an unbiased estimator, can I improve its variance?
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Def Let X...,n be a sample from a

distribution f(xI0). LetT =TCX, ..., Xu)
be a statistic. If the conditional distribution

of X., Xu 15 does not depend on O, then
Tis asestatistic for 0

EX: Suppose Xiu., Xa
** Poisson (2). LetT = E, Xi

Te Poisson(nx)

f(x, . ., X- IT,x) = -x(x) =
fxx))

-xi==
T is sufficient

f(T(x)

↳does not depend an 1)



Rao-Blackwell
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Let Obe a parameter of interest, and [(8) some

faction of8. Let I be some biased estimater ofHA,
and I a sufficient Statistic for 0.

Let2* =

ECE IT]. Then:

① E[E*] =I Imbiased

② Var(2*) =VarLE)



Example

Let .
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