
Cramer-Rao lower bound
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Recap: MSE
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Let E be an estimator of 0. The MSEofE

is E0[(0-0]
=Varo(8) + (Bins())



MSE and consistency
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bet:IfBe, then we say is a casitht
estimator of O

Merem:IfMSELE) - 0 as who,
then t

If:wiS x240, P18-012) - 0

Let230.

q(18 -01> 2) =P(10-ER - []
(Marker's)

e -> 0 Il

(i.e., if Bics(O) -0 and varc) ed, then② is consistentfor ob



Best unbiased estimators
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toso suppose we restrictarselves based estimates

(Bias() =d

bet:O isbedestimater of 0if

MSELE) IMSEL**) for all other unbiased

estimators *(i.e., if Var() =Var(**)

Goal could be to find a bestunbiased estimator



Cramer-Rao lower bound
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Cramer cr2 Rao (still alive! age 102)Marc
I

A

Thm . LetX...; Xo be a sample from a distribution
-

withprobabilityfunction f(xIO), and letI be
an unbiased estimater of OEIR. Then, under

regularityconditions,
varc):Ia Cramer-Reo lower band

(CRLB

EX' X-e, Xn Poisson(X)

MLE:i =X var(2) =var(Eixi)
=1 EiVar(Xi) =1
ic R

E(x) =E => CRLB=

E24] = X =Bias (5) =0, var(5) =CRLB

=>Y =X is a basedestimateof 1



If: Recall Carchy-Schwarzinequality:
[Cax,1)]

2
I VarAvarE

=>ver2x) =[]
Var(2))

Here, we apply C-5 to 8 and UCE) (u( =logf(X,...,Xn(0)
cor(8, UCE) =ECOULA] - ECE] ECUCES]

e lunder regularity
= 2uA]
= [logf(X, ..., X10] =E20(,xd]

f(X - ..,Xn(0)
-Scx.,x) (ofler,ne] er,den
= flx,flx, uld)dx.den= []

Cregularityconditions)

=(-S:var()s) -IVar(4(t))
IfE is unbiased, E28] = 0 =[] = =

Var()o



Recall:under certain conditions, the MLE 8 ofGEIRhas the

following properties:

⑧ [Consistent) Liio data

X & rl8-dNco,I,"(a) I(0) =n,(0)

asymptotically
=> =N(0, I

-(0) Lasymptotic MLE)

unbiased
CRLB =1 "(O)

(Bics(8) -> 0)
So asymptotically, Var() =CRLB


