
Maximum likelihood
estimation
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Recap: ways of �tting linear regression models

We observe data , where
. We want to estimate
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Possiblemethods
. Minimize SSE

^ Projection (⇔ to minimizing SSE)

- Maximize likelihood
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maximizing likelihood ⇔ minimize SSE

( for normed data)



Summary: three ways of �tting linear regression
models

Minimize SSE, via derivatives of

Minimize  (equivalent to minimizing SSE)

Maximize likelihood (for normal data, equivalent to minimizing
SSE)

Which of these three methods, if any, is appropriate for �tting a
logistic regression model? Do any changes need to be made for
the logistic regression setting?
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linear regression :

Ñi=Ño+^B,✗i , + . _ - t^Bñiu

Yi -Ji makes sense

not appropriate for logistic
← regression b/c we don'thave

the same idea of
a residual

↑ could be appropriate for logistic regression , but

need to use Bernoulli instead of Normal



Step back: likelihoods and estimation

Let  be a Bernoulli random variable, with
. We observe 5 independent samples from this

distribution:

The true value of  is unknown, so two friends propose
different guesses for the value of : 0.3 and 0.7. Which do you
think is a "better" guess?
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Idea: pick parameter value for which the observed data has the
highest in probability

"

sample proportion -_ 0.6 (closer to 0.7)

P( data / p=o .3) = (0.3×0.3) (1-0.3×1-0.376.3)
= 0.330.72 = 0.013

Pldatalp -_ 0.7) = 0.730.32 = 0.031



Likelihood

De�nition: Let  be a sample of  observations,
and let  denote the joint pdf or pmf of , with parameter(s)

. The likelihood function is
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←

" probability
" of the

observed data

in in

function of ⊖ , function of Y
, given ⊖

given 4

-

LLOH) : condition on the observed data .

Want to knowhow

" probability " (joint distribution) of Y changes

as a function of ⊖

• Since fly 10-3>-0 , L (0-14)>-0 it ⊖

specialcase : Y , ,
. . . ,Yn iid w/ pdfcrpmf f-

L(⊖ / 4) = ÑFHIIO)
[⇒



Example: Bernoulli data
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Let Yu . .
. ,Yn Éᵈ Bernoulli ( p) flylp) =pY(1- p) 'T

Llpl 'D = it fcyilp) =# pti 4- pj
' - " i

i=I
n

c- =/

= piÉ"i(1-pj-E.li

Examine :
'1--4,110,0 ;D

LLPIY) =p
> G-p)2



Example: Bernoulli data

, with observed data
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!



Maximum likelihood estimator

De�nition: Let  be a sample of  observations.
The maximum likelihood estimator (MLE) is
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argmax ⊖ means
"
value of ⊖ that maximizes . . .

"



Example: 
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Yi , . . .in Éᵈ Bernoulli ( p)

L(ply)= pÉYi ( 1- pjn
- Eiti

Now maximize!

① Take log to make life easier dog is monotone

increasing , so ifp maximizes log LCPIY) then

p^ maximizes Lcply))

l( ply) = log LLPIY)
= ⇐Yilogpt
In - Eiyi) log / 1- p)

② Differentiate wrt parameter of interest
:

¥e↳rD=Ei¥ _ (n



③ SEO { solve
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→ Lp =

=
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so % l(PhD has a amin
.
at p=E =-7

④ Check max.
0min :

Épzl↳HYp→
= -4¥ -

' /
my

<0

⇒ maximum!



⑤ Check boundary points : p=O and p=1

KPH)= {
n°94 - p) p=o

n tog p p -1

If either p=O op=l has highest likelihood,

p= EiY÷ anyway

so p^=%Y÷=y



Example: 

10 / 11
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Example: 
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