
Likelihood ratio tests
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Asymptotics of the LRT
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suppose we observe iid data Xirn and wantto test

H0:0 =G. vs. MA:OF00. (0 EIRD

Under Hos-2(log((GoIX) - logh(E(X) - Y
-

-zig (x)
Proof (To make notation easier, letl(E)

=log((f(x)
"
-

① using Taylor expansions,
~

-

l"()(00-E)2e(E) - 2I(00)

② - tl") ?, ICE-d?

③ Apply Slutshy's Continues mapping theorem



Proof (E =MLE)
-

(2no-order① e100 =1) +)(-) +e")l Taylor
= 0 expansion

=>Il(80) =2C) +e"C)(or-E) Grand)

=>2e(8) - 200) = -l"(8) Lo.-E) E

② - "Co) (O.-= - Il"() (n(8-8d]"
- eicos-- logfile) with [Elogf(Xilol]

=Id

Under Ho, casistency ofMLE - & to
=- l"() = I,(00)

Under no, nCE-Od
s NCO, I,(80) =I;(80) N10,1

Casymptotic normality of MLE)

③ cmT:(F(8-to)) -> I,t0 xY

Sintswy's: -1"(E) (C-Edl =>I,Ife) ICEd X
=xY
I



Generalization to higher dimensions
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Suppose we observe in dateX., ..., Xn
withParameter& GIRO

Partition 0 =(Ein , Oca)Y ,
withOc GR2, q I d

we want to testMe: 0x2= Ocela vs. HA:OF Quo

Under Hos

Su L0(X
2 log C-Ifx)I ↳ xa

suc I
=: 0(z)

=0czo
#parameters tested



Earthquake data

Data from the 2015 Gorkha earthquake on 211774 buildings, with
variables including:

: whether the building sustained any damage (1) or not
(0)

Age: the age of the building (in years)

: a categorical variable recording the surface
condition of the land around the building. There are three
different levels: n, o, and t
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Likelihood ratio tests

We want to test whether the relationship between Age and
Damage is the same for all three surface conditions. What
hypotheses do we test?
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surface ni Slope an Age =0.000

surface o:Slape an Age =0.000 +

0.003

-

-

Mo: Bu= Bs
=0 HA:atleast one of Bus FO



Likelihood ratio tests

Full model:

Reduced model:
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LRT:rejects when ↳metal is large

2e(er)-2R(Breach



Likelihood ratio tests

What information replaces  and  in the GLM output?
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-

deviance!



Deviance

De�nition: The deviance of a �tted model with parameter

estimates  is given by
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2e(B) =2.3, 108 (pi" (1-pi)
"

" i = x
saturated model:perfectly fitsthe observed data

Pi =Yi =zelsaturated) =2," (Y"(1-4)""")
=Inlog()
=0

=>for binary logistic regression, deviance = -21(B)



Residual and null deviance
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n
- 1

· linear regi
analogue:

n ~- SSTotal
(2:2Y:
-4()

-

m- P n =Acbs., p =#parameters

Residual deviance: deviance for the fitted model
-

-
zei =139150

Neviance:(residual deviance
for fitted

-only model

i.e. log (i) = Bo



Comparing deviances

How should I use this output to calculate a test statistic?
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LRT:21LBf) -Ze(Breavad =Y 2
=#parameters

-
deviance redvad - deviancefull

tested

=offer - Offull

full model

a

eurced model

a
LRT:139164-139150 =14 calculatep-rake by

comparing R2



Comparing deviances
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test stat
-

zof



Summary: LRT for logistic regression
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-Bernari(Pi)

Exodel:log(:)=BXi

B
=[Bit, Bax EIRY Ho: Bc =0 HA: BF 8

Remodel: log (:):Bi Xick

⑧ Fitfull and reduced models, calculate(residual deviances

② Test statistic:0
=ZlBfrn) - 22 (Breavad) =veriance

pervad
- deviance

full

③ Under Ho, 6- q #parameters tested

-df reduced -Offull


