
Hypothesis testing framework
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Recap: Constructing a test

Observe data .

Calculate a test statistic 

Choose a rejection region 

Reject  if 
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Goal: minimize probabilityofa type I error

while controlling probabilityofa type Ierror

P(type I error) =PlrejectHo Ho istre)

P(type II error) =1 - PCrejectHol HAis true)

more specifically: we want prejectHolteeparameter
=0)



Power function

Suppose we reject  when . The power
function  is
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-e

function of O probabilityofrejecting to ifthe

Parameter is

Goal:want B(0) small when OCNo
and large when 0,

Formally
:Fix at[0,1
-

② Try to maximize B(O) for OEM, subjectto

B(0) =2 far No

·

if Sup B(O) =x, our testis size a

⑦ENo

su B(A)?X, our testis level -
· if

· -o



Example

 iid from a population with mean  and variance .
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I =denateNC0,1 cof

reject to when En =o >C

/In

Power function:
Far M

=

Mo:

I
asin B(x) =1 - I(C)-Peterre x) To getB(Md)=

2-
(a) 1 -G(c) =2

=Pm(E /C =>c
=E

-

(1 - x)
e

=No,i
=zx

X 1 - I(c - ()



Class activity

Suppose that , , and . Make a plot of
 vs.  for .

Now consider testing  vs. . Will

this change our rejection region if we want a size  test?
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Class activity
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B(n) =1 - & (zx - Li
if
u Luo, Ex-G >zx

0.03

I
I
B(0.1)

=0.25

B(u) increases as
a=0.05, B(u0) =0.0S

u increases
Sup B(u) =B(D

ceasier to reject Hob
- tuo

L

Ho:M = Mo vs. HA:MYMo same rejection
region for a size

Ho:M =Mo
vS- HA:M>Mot a test



B(n) =1 - & (zx - Li
if
e Luo, Ex-Gaz

=>I (Za- (4) I(z
=>B(u) =1- E(z -

Ed) (B(nd)
=1- E(zd)

o



Rejecting 

A hypothesis test rejects  if  is in the rejection
region . Are there any issues if we only use a rejection region
to test hypotheses?

7 / 12

· picking are rejection region onlyallows us to

lookat one X

· reject (fail to rejectonly provides binary
information

Question:whatother values of a do we
-

reject for?



p-values

Given , we construct a rejection region  and reject  when
. Let  be an observed set of data.

De�nition: The p-value for the observed data  is the
smallest  for which we reject .
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Intuition: rejectto when p-value <X

=>inf32: rejectMo3=infEx: p-value <23
=p-value



Suppose we have a testwhich rejects to when TCXy ...,Xu)/Ca,
where a is chosen such that Sup BCE) =Su POCTCX, ...,Xn) 3(d)

Oto ⑦Ea =x

Let(X...., fa) be a setofobserved data.

obsen
Theorem:the paralle for (x..,xn) is
- e

p =Sup Po(TIX, ...,Xr) >Tx, ...,x))
C"probability
of cur

⑦ta teststatistic or

more extremel

Proof: P =in73x:rejectMo3 = inf42:T (xn -..,x)< (a

As a N, ca4 = Cp
=supGC: T(x,.,X)3cab

=Tx, ..,xn)

Su Pi(TLX, ...,Xn)<(p) =P
⑦Go

sup PoCTCX., ...,X) > T(xn ..,x)
=

P I=

Geo



Example

 iid from a population with mean  and variance .
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rejectto when Zn =
In -Mo > Ex
-

/

LetIbe observed test statistic

p-value =ProLIn> z)
1 f
u

=

M, Zn =N(0,)

=>p-value = 1 - [(z)
N20,

e 1 -
E(z)

E
d num



Next steps

So far, we have discussed the Wald test in detail. What other
hypothesis tests have you seen in statistics courses?
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Class activity

https://sta711-s23.github.io/class_activities/ca_lecture_20.html
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Class activity

If we reject  when , why does

type I error increase as  decreases?
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