
Convergence of the MLE
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Some more theorems about convergence

Continuous mapping theorem:

Slutsky's theorem:
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of random variables
wetxyte, ... be a sequence
Let
go be a catinas

function.

⑦ IfXn -> X men g(Xn) I g(x) HW

② If XnX theng(Xn) Agg(X)
<-

a.S,

③ If Xu -> X Men g(Xn)"- g(x)

LetEXn3, 5tm3 be sequences ofrendamvariables,

and suppose
Xn X and Y.fc. Then

· Xn +1n-X +c

I constant

D
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·
Xn
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Convergence of the MLE
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Suppose thathis tests.... are it withprobability
function flyIO), OtR
Letln(8) =[logf(Yilf), and On theMLE

i =1

using firstan observations. LetI, (A)
=-EelogfCTilal]
(Fisher information fora

single observatial

Theorem + Under conditions
- &

(2) En pregularity as nt(consistency)
(b) n(8n - 0) = N(0, Ii(A)) as -a

casymptotic normality

we will prove (b) when d =1



Proof sketch of(b):when d = 1)
-

↓l'v(0)
①v(8

-

8)
==el(E) (Taylor expansia)

② Eln"(A) E - F,(0)

③ Ellot
is NCO, F, LA)

MCEn-o +N(0, 1, (8))④ Apply Slutsky's:
F. (6)

=N(0, I.(G))

X-N(u,02) => aX uN(a, a(03)

a
=E(f) a

=F(t) aYo2 #(0)



Intermediate steps

Using results we have previously derived, argue that:
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↓l"(*) - I,(8)
②

③ Ee(E) N(0, I,(0))

P78: 2" (8) = logfCit

El."CO) E ELlogfCilA] by WLLN
w

->
-

82lg f(Y(f)
= - F,(c /



&:eid
=I log filo
i
=
1

BycLT, π)Eln'CA - ELologfile])

NCO,Var(logfilel]
*[alog f (Yi (ct] =0

var(of log f(yi10)
=1, (0)

=>m (tl'(6) - 0)iN(0,I,(0)

=7 Een'la is N(0, 1, (0) 11



⑭proof:

① If Eis MLE, then life) =0

IfE. =0 <which holos because En t8), then

o
=h(0) =h(G) +(8n - 8)rn" (6)

=> En - 8= liA)
- ln"(0)

=> wCO- - -

xerisoe
1

-> N(0, I,(8))



Regularity conditions
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