
Convergence of random
variables
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Warm-up

Suppose that . Let
.

Working with a neighbor, argue that .
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If:Let 230. wis P(lX(- 1) =a) -> 0 as usa

P((X() - 1)=2) = 1 - p( - 2 =Xm + 1 1)

=1 - p(1 -22X(k). 11
+1) can X(n) > 15?

No!X(m11 + 5
=1 - p(Xx) =

1 - 3)
=p(X(n) 1=2) =P(X,11 -d,X2253,...,Xn11

- 1)
-

=(1 -2)
"

-> 0 as 30



Warm-up

Suppose that . Let
.

Show that , where .
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fy(y(f) =02
-8yFy(z) =1- 2-8t

0
=1

=>E(t) =1t
-

P:wTS Fuci
- xx)

(t) -> Fylt) Vtwhere FCA is
continual

Fucrxc)(t) =P(n()
- X,) t)

1 - E)
=P(1 - x() =

E) =P(X()=

=1- P(X()11
- 1)-

=1 - (1 - E)u I lim ((z)"
=2
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-
t
->

-> i - 2 as n-8/
x= - t



Relationships between types of convergence
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(a) If Xn25X
I
then X. X

(b) IfX-BX, then XnX

(2) If X. BC, where is a constant, then X.C

Ex:L.EX Ores Iimply X.
*X)

LetU-Uniform (O.D), and constructthe following sequence:

X. =1SU220,53,Xz =1Sut20,253, Xs
=1SUtCE,133,

Xu =154720,733,Xs =13ut[7,233,....
n =2(oc(u)),j =2

-
n

X.
=IsuEC,s n(n([izE3) =i -> o as

①xi80 n30

② x.0 if: him (X-0) does notexist. For any U,
270

there are infinitely many
a St Xn=1



want: if X"s 0, then lim (Xn - 0) =0
118

i.e., tSCO,7 no SEXnI no,
In-olS

X. =1

B:letS
=

I. Fno, 7n>
no st

=> 7n>nSt(Xn - 0)>s

=> lime 10 does not exist

n10



Proof of (b) (X-BX => X-B*
-

osketch:WTS FXn(x) -> Fx(r) xwhere
is continuars, as n

we know F(x- z)1f(x)
=F(x+1) V- <>0 Loot is non-occeasing)

him F(x - 2) =himF(x+2) =F(X)
Also, if x is a continuitypointof , then
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so, it
suffices to show thatVaso,arex+5)-

Let 530, and beacontinuitypointofF.
Coisjoint

For

apotiP(Xu =

x) =P(X-2x,X=x+a) +p(X-1x,X>4 +2)
partition

m- If Xnt

[P(XIx +1) Ip(X- -x1> 2). a=0 X) x
+2

=> FXn(X) F(X +2) +P((Xu - x1>) => X > Xn

m
- (X -Xu)> (x

+1) -x
Tossutr

3K X.fX
=2

Similarly, F(x- 2) - p((xu-x)>2) =Fxn(x)
-

->0 Cs n-0

=> F(X-3) in FX. (x) =F(x) 11



potof(c
(Xue a then XnEc)

wis PLN. - c >5)-0v9>0

Let930. PLX-c>2) =P(X,(c.9 or Xuxc+2)
=P(Xn(c-z) +P(Xu>c+2)
2P(XnIc- 2) +P(Xu> 1

+2)

=FXu(c- 2) +(1- FXu(C+2)

d

Xn+ c FXu(c- 1)
- F(c - 1) =0 (point mass ata

FXn(c+5) -> F(2
+2) =)

=> him PCIXn-c(>5) =

cof of a
vintness) n-0

↑- · F(c- 8) +(1
- F(c+2))

=0 +(1 - 1)↓ =0
1

0=
C



Continuous mapping theorem
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Slutsky's theorem
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