Convergence of random
variables
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Convergence in probability

Definition: A sequence of random variables X1, X, ... converges
in probability to a random variable X if, for every e > 0,

lim P(|X, — X|>¢)=0

n—oo

p
We write X,, — X.

Example: (Weak law of large numbers)
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Ver (A = \7\7, ' éf/i Verby = e 2

Theorem: Let X, X», . .. beiid random variables with E| X;] =
and Var(X;) = 0 < oo.Then ELX - B 244
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Working with your neighbor, apply Chebyshev's inequality to
prove the WLLN.
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Let U ~ Uniform(0,1),andlet X,, = /n I{U < 1/n}.

p
Show that X,, — 0.
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Almost sure convergence

Definition: A sequence of random variables X1, X, ... converges
almost surelyto arandom variable X if, for every e > 0,

P(lim | X, — X|<e)=1

n—oo

a.s.
We write X,, — X.

Example: (Strong law of large numbers) /&
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Convergence in distribution

Definition: A sequence of random variables X1, Xo, ... converges
in distributionto a random variable X if

lim Fx (z) = Fx(z)

n—oo

d
at all points where F'x () is continuous. We write X,, — X.

Example: (Central limit theorem)
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Let X ~ N(0,1),andlet X,, = —X forn =1,2,3,....

d
Show that X,, — X, but X,, does notconverge to X in
probability.
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Relationships between types of convergence
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